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LOGARITHMIC RAMIFICATIONS OF ÉTALE SHEAVES BY RESTRICTING
TO CURVES
HAOYU HU
Abstract. In this article, we prove that the Swan conductor of an étale sheaf on a smooth
variety defined by Abbes and Saito’s logarithmic ramification theory can be computed by its
classical Swan conductors after restricting it to curves. It extends the main result of [7] for rank
1 sheaves. As an application, we give a logarithmic ramification version of generalizations of
Deligne and Laumon’s lower semi-continuity property for Swan conductors of étale sheaves on
relative curves to higher relative dimensions in a geometric situation.
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1. Introduction
1.1. In 1960s, the well-known Grothendieck-Ogg-Shafarevich formula was established to compute
the Euler-Poincaré characteristic of an ℓ-adic sheaf on a projective and smooth curve over an
algebraically closed field of characteristic p ą 0 (p ‰ ℓ) ([13]). The ramification theory of local
fields contributes to this formula through an invariant called the Swan conductor ([32]). It measures
the wild ramification of representations of the absolute Galois group of a local field.
In higher dimensions, the ramification phenomena involving imperfect residue extensions has
been for a long time an obstacle to study ramifications of ℓ-adic sheaves along divisors and to
generalize the Grothendieck-Ogg-Shafarevich formula. In 1970s, Deligne started a program to
measure the ramification of an ℓ-adic sheaf by restricting the sheaf to smooth curves and to
generalize Grothendieck-Ogg-Shafarevich formula to higher dimensions. It was developed in [26].
On the other hand, using K-theory, Kato initiated a study on the ramification of local fields with
imperfect residue fields ([17, 18, 19]). Later, Abbes and Saito introduced a more geometric approach
that enables to study the ramification of an ℓ-adic sheaf along a divisor ([1, 2, 3, 28, 29, 30]).
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Meanwhile, Kedlaya and Xiao established the ramification theory for p-adic differential modules,
which is a parallel of Abbes and Saito’s theory in the p-adic world ([22, 23, 34, 35]). Naturally,
we may ask whether there exists a connection between Deligne’s program and Abbes and Saito’s
approach.
1.2. Let K be a discrete valuation field, OK its integer ring, F the residue field of OK , K a
separable closure of K, GK the Galois group of K over K. We assume that the characteristic of F
is p ą 0 and that OK is henselian. Abbes and Saito defined two decreasing filtrationsG
r
K andG
r
K,log
(r P Qě0) of GK by closed normal subgroups called the ramification filtration and the logarithmic
ramification filtration, respectively ([1, 3.1, 3.2]). LetM be a finitely generated Λ-module on which
the wild inertia subgroup of GK acts, where Λ denotes a finite field of characteristic ℓ ‰ p. Let
M “
À
rPQě0
M
prq
log be the logarithmic slope decomposition of M and we define by
swKM “
ÿ
rPQě0
r ¨ dimΛM
prq
log
the Swan conductor of M (3.8). When F is a perfect field, we see that Gr`1K “ G
r
K,log, that G
r
K,log
coincides with its classical upper numbering filtration of GK and that swKM here coincides with
the classical Swan conductor of M ([32, 19.3]).
1.3. In the following of the introduction, let κ be a perfect field of characteristic p ą 0. Let Y be
a smooth κ-scheme of finite type, E a reduced Cartier divisor on Y , V the complement of E in Y ,
g : V Ñ Y the canonical injection, tEiuiPI the set of irreducible components of E, ξi the generic
point of Ei, Ypξiq the henselization of Y at ξi, ηi the generic point of Ypξiq, Ki the fraction field of
Ypξiq and Ki a separable closure of Ki. Let G be a locally constant and constructible étale sheaf of
Λ-modules on V . For each i P I, the restriction G |ηi corresponds to a finitely generated Λ-module
with a continuous GalpKi{Kiq-action. We define the Swan divisor of g!G on Y and denote by
SWY pg!G q the Cartier divisor:
SWY pg!G q “
ÿ
iPI
swKipG |ηiq ¨Ei.
We also define the logarithmic total dimension divisor of g!G on Y and denote by LDTY pg!G q the
Cartier divisor:
LDTY pg!G q “
ÿ
iPY
pswKipG |ηiq ` dimΛ G q ¨Ei.
1.4. Let X be a normal κ-scheme of finite type, D an effective Cartier divisor on X such that
the complement U “ X ´D is smooth over Specpκq, and j : U Ñ X the canonical injection. We
denote by CpXq the set of canonical morphisms g : rC Ñ X , where rC is the normalization of a
1-dimensional integral closed subscheme C of X such that C ˆX D is an effective Cartier divisor
on C. Let F be an locally constant and constructible sheaf of Λ-modules on U . We say that the
ramification of F along D is bounded by a Cartier divisor R (supported on D) in the sense of
Deligne if, for any g : rC Ñ X in CpXq, we have ([10, Definition 3.6])
g˚R ě SW rCpg˚pj!F qq.
Esnault and Kerz proved that each locally constant and constructible sheaf of Λ-modules on U is
bounded by a Cartier divisor in the sense of Deligne ([10, Proposition 3.9]). They further predict
that Abbes and Saito’s logarithmic ramification theory gives the sharp lower bound:
Conjecture 1.5 (Esnault and Kerz, [10] and [7, Conjecture A]). We take the notation and as-
sumptions of 1.4. Then, the following two conditions are equivalent:
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1. The ramification of F along D is bounded by a Cartier divisor R in the sense of Deligne,
2. For any birational morphism f : X 1 Ñ X such that X 1 is smooth over Specpκq, that
pX 1 ˆX Dqred is a divisor on X
1 with simple normal crossing and that f´1pUq “ U , we
have (2.2)
f˚R ě SWX1pf
˚pj!F qq.
Conjecture 1.6 (Esnault and Kerz, [10] and [7, Conjecture B]). We take the notation and as-
sumptions of 1.4 and we assume that the effective Cartier divisor D is integral. Let PCpXq be the
set of pairs pg : rC Ñ X, x P rCq where g : rC Ñ X is an element of CpXq and x is a closed point of
g˚D “ rC ˆX D. Then, we have
(1.6.1) sup
PCpXq
swxpg
˚j!F q
mxpg˚Dq
“ swDpj!F q,
where mxpg
˚Dq denotes the multiplicity of g˚D at x P rC and swDpj!F q the coefficient of the Swan
divisor of j!F after replacing X by a smooth and open neighborhood of the generic point of D (1.3).
The main result of this article is the following:
Theorem 1.7 (cf. Theorem 6.5 and Theorem 6.7). Conjecture 1.5 holds under the condition that
X is smooth over Specpκq and D is a divisor with simple normal crossing. Conjecture 1.6 holds
under the condition that X is smooth over Specpκq and D is irreducible and smooth over Specpκq.
1.8. In [7], Barrientos obtained Theorem 1.7 assuming that F has rank 1. His proof relies on
the equivalence of Abbes and Saito’s logarithmic ramification theory and Brylinski and Kato’s
approach for characters ([4, 9, 20]), and on an explicit computation of Witt vectors which emerges
in loc. cit.. In this article, to solve the problem for sheaves of any rank, we follow an idea of Saito
which is different from Barrientos’s method. The new idea roughly says that, after replacing the
local field K by a tamely ramified extension K 1 of a sufficient large ramification index, the Swan
conductor swK1pMq of a Galois module M is asymptotic to the total dimension of M with respect
to K 1 defined by the ramification filtration (3.7). Geometrically, it says that Swan divisors are
asymptotic to the total dimension divisors (5.2.1) after taking covers of X tamely ramified along
D. Then, we can obtain several inequalities that compare the pull-back of the Swan divisor of an
étale sheaf and the Swan divisor of the pull-back of the sheaf (Proposition 6.4 and Theorem 6.6),
using analogous results for total dimension divisors of sheaves in [14, 30] (cf. Proposition 5.5 and
Proposition 5.6). These inequalities immediately deduce main results of this article (Theorem 6.5
and Theorem 6.7). Saito’s idea also appeared in the proof of Bertini theorem due to Achinger ([5,
Theorem 1.3.1]).
The main result Theorem 1.7 has two applications. One is to obtain a geometric criterion
for a Galois module having the same Swan conductor and total dimension (cf. Proposition 7.2).
Another one is to give a logarithmic version of generalizations of Deligne and Laumon’s semi-
continuity property for Swan conductors of ℓ-adic sheaves on relative curves to higher relative
dimensions in geometric situations ([25]). We state the latter in the following.
1.9. Let S be a separated κ-scheme of finite type, g : X Ñ S a separated and smooth morphism
of finite type and D an effective Cartier divisor on X relative to S, U the complement of D in X
and j : U Ñ X the canonical injection. Let tSαuαPJ be the set of irreducible component of S, η¯α
an algebraic geometric generic point of Sα, Xα “ X ˆS Sα, Dα “ DˆS Sα and gα : Xα Ñ Sα the
base change of g : X Ñ S by the injection Sα Ñ S. We assume that Dα is a sum of irreducible
effective Cartier divisors Dαi pi P Iαq such that the restriction g|Dαi : Dαi Ñ Sα is smooth. For
each algebraic geometric point s¯ Ñ S, we denote by ιs¯ : Xs¯ Ñ X the base change of s¯ Ñ S
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by g : X Ñ S. Let F be a locally constant and constructible sheaf of Λ-modules on U . For
each α P J , we define the generic logarithmic total dimension divisor of j!F |Xα and denote by
GLDTgαpj!F |Xαq the unique Cartier divisor on Xα supported on Dα such that
ι˚η¯αpGLDTgαpj!F |Xαqq “ LDTXη¯α pj!F |Xη¯α q.
Theorem 1.10. We take the notation and assumptions of 1.9. For each algebraic geometric point
s¯ Ñ S, we denote by Js¯ the subset of J such that s¯ maps to Sα for α P Js¯. Then, there exists a
Zariski open dense subset V of S such that
(1) For any algebraic geometric point s¯Ñ V and any α P Js¯, we have
ι˚s¯ pGLDTgαpj!F |Xαqq “ LDTXs¯pj!F |Xs¯q;
(2) For any algebraic geometric point t¯ P S ´ V and any α P Jt¯, we have
ι˚t¯ pGLDTgαpj!F |Xα qq ě LDTXt¯pj!F |Xt¯q.
1.11. In [14, Theorem 4.3] (cf. Theorem 8.2), we obtained an analogous semi-continuity property
for total dimension divisors, which is related to Abbes and Saito’s ramification filtration. Here, we
follow a similar strategy in loc. cit. to prove Theorem 1.10. Roughly speaking, using inequalities
that compare the pull-back of the Swan divisor of an étale sheaf and the Swan divisor of the pull-
back of the sheaf (Proposition 6.4 and Theorem 6.6), we reduce the theorem above to a relative
curve situation. Then, we use the Deligne and Laumon’s semi-continuity property [25, 2.1.1] to
finish the proof.
1.12. Besides our main result Theorem 1.7, there have been several works on the same topic.
Matsuda initiated a study of comparing total dimensions of rank 1 sheaves after restricting to
curves ([27], cf. [24, Proposition 2.7]). By studying the characteristic cycles of sheaves under
certain ramification conditions, Saito gives a geometric criterion for the commutativity between
total dimension divisors and restricting to curves ([30], cf. Proposition 5.6). This result also implies
that the total dimension of an étale sheaf on smooth varieties can be computed by restricting the
sheaf to curves. Later, an inequality that compares total dimension divisors of étale sheaves
after arbitrary pull-back was found in [14] (cf. Proposition 5.5). In the logarithmic situation,
Zhukov stated a conjectural ramification invariant of sheaves on smooth surfaces following Deligne’s
program ([37, 2.5.3]). As mentioned already, Esnault and Kerz’s conjectures above provide a
concrete connection between Deligne’s program and Abbes and Saito’s logarithmic ramification
theory. Barrientos answered their conjectures for rank 1 sheaves on smooth varieties ([7]). We
hope that Esnault and Kerz’s conjectures can be wholly answered in future.
There have been several generalizations of Deligne and Laumon’s semi-continuity property [25,
2.1.1]. Saito proved a semi-continuity property for total dimensions of stalks of vanishing cycles
complexes ([31]). The lower semi-continuity property for total dimension divisors of ℓ-adic sheaves
on a smooth fibration is proved in [14]. The semi-continuity property for singular supports and
characteristic cycles of ℓ-adic sheaves is obtained in [15].
It is well known that algebraic D-modules are analogues of ℓ-adic sheaves. A local invariant
of algebraic D-modules on smooth complex curves called the irregularity is an analogue of Swan
conductors. In [6], André studied ramification of D-modules on higher dimensional complex va-
rieties in terms of restricting to curves and proved a semi-continuity property for irregularities
of D-modules on relative curves. We expect that semi-continuity properties in [14, 15, 31] have
analogues in the theory of algebraic D-modules.
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1.13. This article is arranged as follows. To make it self-contained, we briefly recall Abbes and
Saito’s ramification theory and the theory of the singular support and the characteristic cycle in
§3 and §4. In §5, we review several useful properties for the total dimension divisor and the Swan
divisor depending on results in §3 and §4. The main result of this article will be proved in §6.
In §7, we discuss a geometric criterion for a Galois module having the same Swan conductor and
total dimension. In §8, we prove a semi-continuity property for Swan divisors of ℓ-adic sheaves on
smooth fibrations.
Acknowledgement. The author would like to express his sincere gratitude to T. Saito for sharing
ideas, which are crucial to this work. The author is grateful to A. Abbes for pointing out the
question on the semi-continuity for Swan divisors during a discussion on [14]. The author is
supported by JSPS postdoctoral fellowship and Kakenhi Grant-in-Aid 15F15727 during his stay
at the University of Tokyo.
2. Notation
2.1. In this article, let k be a field of characteristic p ą 0. We fix a prime number ℓ which is dif-
ferent from p and a finite field Λ of characteristic ℓ. All k-schemes are assumed to be separated and
of finite type over Specpkq and all morphisms between k-schemes are assumed to be k-morphisms.
All sheaves of Λ-modules on k-schemes are assumed to be étale sheaves.
2.2. Let X be a Noetherian scheme and D and E two Cartier divisors on X . We write D ě E
and say that D is bigger than E if D ´ E is effective.
2.3. Let x be a closed point of a k-scheme X . For any irreducible closed subscheme Z of X
containing x, we denote by mxpZq the multiplicity of Z at x ([11, 4.3]).
2.4. Let X be a smooth k-scheme. We denote by TX the tangent bundle of X and by T˚X the
cotangent bundle of X . A closed conical subset of T˚X denotes a reduced closed subscheme of T˚X
invariant under the canonical Gm-action on T
˚X . Let Z be a smooth k-scheme and i : Z Ñ X a
closed immersion. We denote by T˚ZX the conormal bundle of Z in X . For any point x of X , we
put TxX “ TX ˆX x and T
˚
xX “ T
˚X ˆX x.
2.5. Let f : X Ñ S be a morphism of schemes, s a point of S and s¯Ñ S a geometric point above
s. We denote by Xs (resp. Xs¯) the fiber X ˆS s (resp. X ˆS s¯). Assume that f : X Ñ S is
flat and of finite presentation. Let D be a Cartier divisor on X relative to S ([12, IV, 21.15.2]).
Let π : S1 Ñ S be a morphism of k-schemes, X 1 “ X ˆS S
1 and π1 : X 1 Ñ X the base change
of π : S1 Ñ S. We denote by π1˚D the pull-back of D, which is a Cartier divisor on X 1 relative
to S1 [12, IV, 21.15.9]. When S1 is s or s¯, we simply denote by Ds (resp. Ds¯) the Cartier divisor
DˆS s on Xs (resp. DˆS s¯ on Xs¯). An effective Cartier divisor E on X relative to S is identical
to a closed immersion i : E Ñ X transversally regular relative to S and of codimension 1 ([12,
IV,19.2.2 and 21.15.3.3]). The fiber Es (resp. Es¯) is an effective Cartier divisor on Xs (resp. Xs¯).
3. Ramification theory of Abbes and Saito
3.1. In this section, K denotes a discrete valuation field, OK its integer ring, mK the maximal
ideal of OK , F the residue field of OK , K a separable closure of K, GK the Galois group of K
over K and ord : K Ñ Q
Ť
t8u a valuation normalized by ordpKˆq “ Z. We assume that the
characteristic of F is p ą 0 and that OK is henselian. Abbes and Saito defined two decreasing
filtrations GrK and G
r
K,log (r P Qě0) of GK by closed normal subgroups called the ramification
filtration and the logarithmic ramification filtration, respectively ([1, 3.1, 3.2]).
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3.2. For any r P Qě1, we put
Gr`K “
ď
sPQąr
GsK .
We denote by G0K the group GK . For any 0 ă r ď 1, the subgroup G
r
K is the inertia subgroup
IK of GK and G
1`
K is the wild inertia subgroup PK of GK , i.e., the Sylow subgroup of IK [1, 3.7].
If K has characteristic p, then, for any r P Qą1, the graded piece Gr
rGK “ G
r
K{G
r`
K is abelian,
killed by p and contained in the center of PK{G
r`
K ([2, 2.15], [30, Corollary 2.28] and [34]).
Proposition 3.3 ([1, Proposition 3.7 (2)]). Let K 1 be a finite separable extension of K contained
in K of ramification index e. We denote by GK1 the Galois group of K over K
1 and GrK1 (r P Qě0)
the ramification filtration of GK1 . Then, for any r P Qě1, we have G
er
K1 Ď G
r
K . If K
1 is unramified
over K, the inclusion is an equality.
3.4. For any r P Qě0, we put
Gr`K,log “
ď
sPQąr
GsK,log.
The subgroup G0K,log is the inertia subgroup IK of GK and G
1`
K,log is the wild inertia subgroup PK
of GK . For any r P Qą0, the graded piece Gr
r
logGK “ G
r
K,log{G
r`
K,log is abelian, killed by p and
contained in the center of PK{G
r`
K,log ([2, 5.12], [28, Theorem 1.24], [29], [34] and [35]).
Proposition 3.5 ([1, Proposition 3.15 (3)]). Let K 1 be a finite separable extension of K contained
in K of ramification index e. We denote by GK1 the Galois group of K over K
1 and GrK1,log
(r P Qě0) the ramification filtration of GK1 . Then, for any r P Qě0, we have G
er
K1,log Ď G
r
K,log. If
K 1 is tamely ramified over K, the inclusion is an equality.
Proposition 3.6 ([1, Proposition 3.15 (1)(4)]). For any r P Qě0, we have G
r`1
K Ď G
r
K,log Ď G
r
K .
If the residue field F is perfect, then we have Gr`1K “ G
r
K,log for any r P Qě0 and the logarithmic
ramification filtration of GK coincides with its classical upper numbering filtration.
3.7. Let M be a finitely generated Λ-module with a continuous PK-action. The module M has a
decomposition ([21, 1.1])
(3.7.1) M “
à
rě1
M prq
into PK-stable submodules M
prq, such that M p1q “MPK and, for every r ą 1,
pM prqqG
r
K “ 0 and pM prqqG
r`
K “M prq.
The decomposition (3.7.1) is called the slope decomposition of M . The values r ě 1 for which
M prq ‰ 0 are called the slopes of M . We say that M is isoclinic if it has only one slope.
Assume that M is isoclinic of slope r ą 1, that K has characteristic p and that Λ contains a
primitive p-th roots of unit. Then, the graded piece GrrGK is abelian and killed by p and M has
a faithful GrrGK-action. The module M has a unique direct sum decomposition (cf. the proof of
[3, Lemma 6.7])
(3.7.2) M “
à
χPXprq
Mχ,
into PK -stable submodules Mχ, where Xprq denotes the set of isomorphism classes of non-trivial
finite characters χ : GrrGK Ñ Λ
ˆ and Mχ is a direct sum of finitely many copies of χ. The
decomposition (3.7.2) is called the center character decomposition of M . The characters χ P Xprq
for which Mχ ‰ 0 are called the center characters of M .
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3.8. Let M be a finitely generated Λ-module with a continuous PK-action. The module M has a
decomposition ([21, 1.1])
(3.8.1) M “
à
rě0
M
prq
log
into PK-stable submodules M
prq
log , such that M
p0q
log “M
PK and, for every r ą 0,
pM
prq
log q
GrK,log “ 0 and pM
prq
log q
G
r`
K,log “M
prq
log .
The decomposition (3.7.1) is called the logarithmic slope decomposition of M . The values r ě 0
for which M
prq
log ‰ 0 are called the logarithmic slopes of M . The values r ě 0 for which M
prq ‰ 0
are called the slopes of M . We say that M is logarithmically isoclinic if it has only one logarithmic
slope.
Assume that M is logarithmically isoclinic of slope r ą 0 and that Λ contains a primitive p-th
roots of unit. Hence, the graded piece GrrlogGK is abelian and killed by p and M has a faithful
GrrlogGK-action. The module M has a unique direct sum decomposition ([3, Lemma 6.7])
(3.8.2) M “
à
χPY prq
Mlog,χ,
into PK-stable submodulesMlog,χ, where Y prq denotes the set of isomorphism classes of non-trivial
finite characters χ : GrrlogGK Ñ Λ
ˆ and Mlog,χ is a direct sum of finitely many copies of χ. The
decomposition (3.8.2) is called the logarithmic center character decomposition ofM . The characters
χ P Y prq for which Mlog,χ ‰ 0 are called the logarithmic center characters of M .
3.9. Let M be a finitely generated Λ-module with a continuous PK-action. The total dimension
of M is defined by
(3.9.1) dimtotKM “
ÿ
rě1
r ¨ dimΛM
prq.
The Swan conductor of M is defined by
(3.9.2) swKM “
ÿ
rě0
r ¨ dimΛM
prq
log .
By Proposition 3.6, we have
(3.9.3) swKM ď dimtotKM ď swKM ` dimΛM.
By loc. cit., we see that
swKM “ dimtotKM
if and only if the slope decomposition and the logarithmic slope decomposition of M are the same.
If the residue field F is perfect, we have
(3.9.4) dimtotKM “ swKM ` dimΛM
and swKM equals the classical Swan conductor of M ([32, 19.3]).
Proposition 3.10. Let M be a finitely generated Λ-module with a continuous PK-action and K 1
a finite separable extension of K contained in K of ramification index e. Then, we have
swK1M ď e ¨ swKM and dimtotK1M ď e ¨ dimtotKM.
If K 1 is tamely ramified over K, we have
(3.10.1) swK1M “ e ¨ swKM.
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If K 1 is unramified over K, we have
(3.10.2) dimtotK1M “ dimtotKM.
It is deduced from Proposition 3.3 and Proposition 3.5.
Theorem 3.11 (Hasse-Arf Theorem, [34, 3.4.3] and [35, 3.3.5, 3.5.14]). Let M be a finitely gen-
erated Λ-module with a continuous GK-action. Then,
(i) The total dimension dimtotKM is a non-negative integer.
(ii) When p “ 2 and K has characteristic 0, we have 2 ¨ swKM P Zě0. In other cases, the
Swan conductor swKM is a non-negative integer.
Using Serre’s cde triangle ([32, Theorem 33]), the theorem is reduced to the case where M is
a finite dimensional virtual Qℓ-modules with a GK -action that factors through a finite quotient
group. By non-canonical isomorphisms Qℓ – C – Qp, we may consider M as a virtual p-adic
representation ofGK with finite monodromy. Hence, the theorem is deduced by Hasse-Arf theorems
due to Xiao ([34, 3.4.3] and [35, 3.3.5, 3.5.14]).
3.12. In the rest of this section, we assume that K has characteristic p and that F is of finite
type over a perfect field. We denote by OK the integral closure of OK in K and by F the residue
field of OK . For any rational number r, we put
m
r
K
“
 
x P K
ˆ
; ordpxq ě r
(
and mr`
K
“
 
x P K
ˆ
; ordpxq ą r
(
.
Notice that the quotient mr
K
{mr`
K
is a 1-dimensional F -vector space. For any rational number
r ą 1, there exists an injective homomorphism, call the characteristic form ([30, Corollary 2.28]),
(3.12.1) char : HomFppGr
rGK ,Fpq Ñ HomF pm
r
K
{mr`
K
,Ω1
OK
bOK F q.
Let Ω1F plogq be the finitely dimensional F -vector space
Ω1F plogq “ pΩ
1
F ‘ pF bZ K
ˆqq{pda¯´ a¯b a ; a P OˆKq,
where a¯ denotes the residue class of an element a P OK . We have an exact sequence
0Ñ Ω1F
ι
ÝÑ Ω1F plogq
res
ÝÝÑ F Ñ 0,
where ιpaq “ pa, 0q for a P Ω1F and respp0, b b cqq “ b ¨ ordpcq for b P F and c P K
ˆ. For any
rational number r ą 0, there exists an injective homomorphism, call the refined Swan conductor
([30, Corollary 2.28]),
(3.12.2) rsw : HomFppGr
r
logGK ,Fpq Ñ HomF pm
r
K
{mr`
K
,Ω1F plogq bF F q.
Proposition 3.13 ([2, Lemma 5.13]). For each r ě 1, The canonical inclusion GrK,log Ď G
r
K
induces a map: θr : Gr
r
logGK Ñ Gr
rGK . Let φ : Ω
1
OK
bOK F Ñ Ω
1
F plogq be the composition of the
canonical projection π : Ω1
OK
bOK F Ñ Ω
1
F and the injection ι : Ω
1
F Ñ Ω
1
F plogq. Then, for each
r ą 1, we have the following commutative diagram
(3.13.1) HomFppGr
rGK ,Fpq
char
//
θ_r

HomF pm
r
K
{mr`
K
,Ω1
OK
bOK F q
Hompid,φq

HomFppGr
r
logGK ,Fpq rsw
// HomF pm
r
K
{mr`
K
,Ω1F plogq bF F q
LOGARITHMIC RAMIFICATIONS OF ÉTALE SHEAVES BY RESTRICTING TO CURVES 9
4. Singular supports and characteristic cycles
4.1. Let X be a smooth k-scheme and C a closed conical subset in T˚X . Let f : Y Ñ X be a
morphism of smooth k-schemes, y a point of Y and y¯ Ñ Y a geometric point above y. We say that
f : Y Ñ X is C-transversal at y if kerpdfy¯q
Ş
pCˆX y¯q Ď t0u Ď T
˚
fpy¯qX , where dfy¯ : T
˚
fpy¯qX Ñ T
˚
y¯Y
is the canonical map. We say that f : Y Ñ X is C-transversal if it is C-transversal at every
point of Y . If f : Y Ñ X is C-transversal, we define f˝C to be the scheme theoretic image of
Y ˆX C in T
˚Y by the canonical map df : Y ˆX T
˚X Ñ T˚Y . Notice that df : Y ˆX C Ñ f
˝C
is finite and that f˝C is also a closed conical subset of T˚Y ([8, Lemma 1.2]). Let g : X Ñ Z be
a morphism of k-schemes, x a point of X and x¯ Ñ X a geometric point above x. We say that
g : X Ñ Z is C-transversal at x if dg´1x¯ pC ˆX x¯q Ď t0u Ď T
˚
gpx¯qZ, where dgx¯ : T
˚
gpx¯qZ Ñ T
˚
x¯X is
the canonical map. We say that g : X Ñ Z is C-transversal if it is C-transversal at every point of
X . Let pg, fq : Z Ð Y Ñ X be a pair of morphisms of smooth k-schemes. We say that pg, fq is
C-transversal if f : Y Ñ Z is C-transversal and g : Y Ñ Z is f˝C-transversal.
4.2. Let X be a smooth k-scheme and K a bounded complex of sheaves of Λ-modules with
constructible cohomologies. We say that K is micro-supported on a closed conical subset C of
T˚X if, for any C-transversal pair of morphisms pg, fq : Z Ð Y Ñ X of smooth k-schemes, the
morphism g : Y Ñ Z is locally acyclic with respect to f˚K . If there exists a smallest closed
conical subset of T˚X on which K is micro-supported, we call it the singular support of K and
denote it by SSpK q.
Theorem 4.3 ([8, Theorem 1.3]). Let X be a smooth k-scheme and K a bounded complex of
sheaves of Λ-modules with constructible cohomologies. The singular support SSpK q of K exists.
If X is equidimensional, each irreducible component of SSpK q has dimension dimkX.
4.4. In the following of this section, we assume that k is perfect.
Let X be a smooth k-scheme of equidimesnion n, C a closed conical subset of T˚X and f :
X Ñ A1k a morphism of k-schemes. We say that a closed point x of X is an at most C-isolated
characteristic point of f : X Ñ A1k if there exists an open neighborhood V of x P X such that
f : V ´ txu Ñ A1k is C-transversal. A non-zero vector of the fiber of T
˚A1k at the origin of A
1
k
induces a section θ0 : A
1
k Ñ T
˚A1k of T
˚A1k and hence a section θ : X Ñ T
˚A1kˆA1kX of T
˚A1kˆA1kX .
The composition df ˝ θ : X Ñ T˚X is a section of the bundle T˚X .
Assume that C is of equidimension n. Let x be a closed point of X which is an at most C-
isolated characteristic point of f : X Ñ A1k. For any n-cycle A supported on C, there exists an
open neighborhood V of x P X such that the intersection pA|T˚V , pdf ˝θqpV qq is a 0-cycle supported
on T˚xV . Its degree is independent of the choice of the non-zero vector of the fiber of T
˚A1k at the
origin of A1k and we denote by pA, dfqT˚X,x the intersection number.
4.5. Let X be a smooth k-scheme of equidimension n and K a bounded complex of sheaves of
Λ-modules with constructible cohomologies. Deligne expected that there exists a unique n-cycle
A on T˚X supported on SSpK q satisfying the following formula of Milnor type:
For any étale morphism g : W Ñ X , any morphism f : W Ñ A1k, any at most g
˝pSSpK qq-
isolated characteristic point w P W of f : W Ñ A1k and any geometric point w¯ above w, we
have
´
ÿ
i
p´1qidimtotpRiΦw¯pg
˚
K , fqq “ pg˚A, dfqT˚W,w
where RΦw¯pg
˚K , fq denotes the vanishing cycle complex of g˚K relative to f : W Ñ A1k,
dimtotpRiΦw¯pg
˚K , fqq the total dimension of the stalk RiΦw¯pg
˚K , fq and g˚A the pull-back
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of A to T˚W . If the cycle A above exists, we call it the characteristic cycle of K and denote it by
CCpK q.
Theorem 4.6 ([31, Theorem 5.9]). Let X be a smooth k-scheme of equidimension n and K a
bounded complex of sheaves of Λ-modules with constructible cohomologies. The characteristic cycle
CCpK q exists.
4.7. We take the notation and assumptions of Theorem 4.6. If each cohomology of K is locally
constant, we have
CCpK q “
ÿ
i
p´1qi`nprkΛH
ipK qq ¨ rT˚XXs.
If K is a perverse sheaf on X , then the support of CCpK q is SSpK q and each coefficient of
CCpK q is a positive integer ([31, Proposition 5.14]). Let Y be a connected and smooth k-curve,
E a Cartier divisor on Y , V the complement of E in Y , h : V Ñ Y the canonical injection and G
a locally constant and constructible sheaf of Λ-modules on V . We have
CCph!G q “ ´rkΛG ¨ rT
˚
Y Y s ´
ÿ
yPE
dimtotyph!G q ¨ rT
˚
yY s.
4.8. Let X be a smooth k-scheme of equidimension n and D an integral Cartier divisor on X ,
U the complement of D in X , j : U Ñ X the canonical injection and F a locally constant
and constructible sheaf of Λ-modules on U . We denote by ξ be the generic point of D, by OK the
henselization of OX,ξ, by F the residue field of OX,ξ, by K the fraction field of OK , by η “ SpecpKq
the generic point of S “ SpecpOKq, by K a separable closure of K, by OK the integral closure
of OK in K, by F the residue field of OK , by GK the Galois group of K{K and by M the finite
generated Λ-module with continuous GK -action corresponding to F |η. After enlarging Λ, we may
assume that it contains primitive p-th roots of unity. We have the slope decomposition and center
character decompositions
M “
à
rPQě1
M prq and M prq “
à
χPXprq
M prqχ (for r ą 1q.
We fix a non-trivial character ψ : Fp Ñ Λ
ˆ. For each r ą 1, the graded piece GrrGK is abelian
and killed by p. Each χ factors uniquely as GrrGK Ñ Fp
ψ
ÝÑ Λˆ. We denote also by χ the induced
character and by
charpχq : mr
K
{mr`
K
Ñ Ω1
OX,ξ
bOX,ξ F
the characteristic form of χ (3.12.1). Let Fχ be a field of definition of charpχq which is a finite
extension of F contained in F . The characteristic form charpχq defines a line Lχ in T
˚X ˆX
SpecpFχq. Let Lχ be the closure of the image of Lχ in T
˚X . After removing a closed subsecheme
Z Ď D of codimension 2 in X , we may assume that D0 “ D ´ Z is smooth over Specpkq and
the ramification of F along D0 is non-degenerate ([30, Definition 3.1]). Roughly speaking, the
ramification of an étale sheaf along a smooth divisor is non-degenerate if its ramification along the
divisor is controlled by its ramification at generic points of the divisor. Using Abbes and Saito’s
ramification theory, the characteristic cycle of j!F on X0 “ X ´ Z can be computed explicitly as
follows ([30, Definition 3.5] and [31, Theorem 7.14])
(4.8.1)
CCpj!F |X0 q “ p´1q
n
¨˝
rkΛF ¨ rT
˚
X0
X0s ` dimΛM
p1q ¨ rT˚D0X0s `
ÿ
rą1
ÿ
χPXprq
r ¨ dimΛM
prq
χ
rFχ : F s
rLχs‚˛.
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The singular support SSpj!F |X0 q is the support of CCpj!F |X0 q ([30, Proposition 3.15]). Observe
that, for any point x in D0, the fiber SSpj!F q ˆX x Ď T
˚
xX is a finite union of 1-dimensional
kpxq-vector spaces.
5. Total dimension divisors and Swan divisors
5.1. In this section, let X be a smooth k-scheme, D a reduced effective Cartier divisor on X ,
tDiuiPI the set of irreducible components of D, U the complement of D in X , j : U Ñ X the
canonical injection. We assume that each Di (i P I) is generically smooth over Specpkq. Let F be
a locally constant and constructible sheaf of Λ-modules on U .
5.2. Let k¯ be an algebraic closure of k, Xk¯ “ X ˆk k¯, ξi the generic point of an irreducible
component of Di,k¯ “ Di ˆk k¯, ηi the generic point of the henselization Xk¯,pξiq, Ki the function
field of Xk¯,pξiq and Ki a separable closure of Ki. The restriction F |ηi corresponds to a finitely
generated Λ-module with a continuous GalpKi{Kiq-action. Since the Galpk¯{kq-action on the set
of irreducible components of Di,k¯ is transitive, the total dimension dimtotKipF |ηiq and the Swan
conductor swKipF |ηi q do not depend on the choice of k¯ nor on the choice of the irreducible
component of Di,k¯. We define the total dimension divisor of j!F on X and denote by DTXpj!F q
the Cartier divisor:
(5.2.1) DTXpj!F q “
ÿ
i
dimtotKipF |ηiq ¨Di.
We define the Swan divisor of j!F on X and denote by SWXpj!F q the Cartier divisor:
(5.2.2) SWXpj!F q “
ÿ
i
swKipF |ηi q ¨Di.
We define the logarthimic total dimension divisor of j!F and denote by LDTXpj!F q the divisor:
(5.2.3) LDTXpj!F q “
ÿ
i
pswKipF |ηi q ` dimΛ F q ¨Di.
They have integral coefficients (Theorem 3.11). By (3.9.4), if X is k-curve, we have DTXpj!F q “
LDTXpj!F q.
Let k1 be an extension of k contained in k¯, and π : X 1 “ X ˆk k
1 Ñ X the canonical projection.
By definition, we have
π˚pDTXpj!F qq “ DTX1pπ
˚pj!F qq,(5.2.4)
π˚pSWXpj!F qq “ SWX1pπ
˚pj!F qq.(5.2.5)
In the following, we denote by dimtotDipj!F q (resp. swDipj!F q) the coefficient of Di in DTXpj!F q
(resp. SWXpj!F q) for simplicity ((5.2.1) and (5.2.2)).
Proposition 5.3 ([30, Proposition 3.8] and [28, Lemma 1.22]). For any smooth morphism f :
Y Ñ X, we have
f˚pDTXpj!F qq “ DTY pf
˚j!F q,(5.3.1)
f˚pSWXpj!F qq “ SWY pf
˚j!F q.(5.3.2)
Proof. The equality (5.3.1) is a part of [30, Proposition 3.8]. We need to show (5.3.2). It holds
for étale morphism by definition. Hence, it suffices to treat the case where Y “ AmX for an integer
m ě 1. By (5.2.5), we may assume that k is algebraically closed. After replacing X by Zariski
neighborhoods of generic points of D, we may assume that D is irreducible. We denote by ξ the
generic point of D, K the fraction field of the localization of X at ξ, by K a separable closure of
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K, by GK the Galois group of K over K, by ζ the generic points of A
m
D “ Y ˆX D, by L the
fraction field of the localization of Y at ζ, by L a separable closure of L that contains K and by
GL the Galois group of L over L. We have a canonical group homomorphism φ : GL Ñ GK . Since
f : AmX Ñ X is smooth, the ramification index of L{K is 1. Hence, φ induces a homomorphism of
subgroups φr : GrL,log Ñ G
r
K,log for any r P Qě0. By [28, Lemma 1.22], the induced map
φ¯r : GrL,log{G
r`
L,log Ñ G
r
K,log{G
r`
K,log
is surjective for any r P Qě0. Hence, the logarithmic slope decompositions of F |SpecpKq and
F |SpecpLq are identical. Hence, we have
swDpj!F q “ swAm
D
pf˚pj!F qq.
The equality (5.3.2) is obtained. 
5.4. In the following of this section, we assume that k is perfect and X is of equidimension n.
Proposition 5.5 (cf. [14, Theorem 4.2]). Let Z be a smooth k-scheme and h : Z Ñ X a k-
morphism. We assume that h˚D “ Z ˆX D is an effective Cartier divisor on Z. Then, we have
(5.5.1) h˚pDTXpj!F qq ě DTZph
˚pj!F qq.
Proof. Theorem 4.2 of [14] proved (5.5.1) under the condition that the base field of X is alge-
braically closed. Here, let k¯ be an algebraic closure of k, Xk¯ “ X ˆk k¯, Zk¯ “ Z ˆk k¯, π : Xk¯ Ñ X
and π1 : Zk¯ Ñ Z canonical projections and h
1 : Zk¯ Ñ Xk¯ the base change of h : Z Ñ X . Notice
that h ˝ π1 “ π ˝ h1. We have
(5.5.2) π˚pDTXpj!F qq “ DTXk¯pπ
˚pj!F qq and π
1˚pDTZph
˚pj!F qqq “ DTZk¯pπ
1˚ph˚pj!F qqq.
By [14, Theorem 4.2], we have
(5.5.3) h1˚pDTXk¯pπ
˚pj!F qqq ě DTZk¯pπ
1˚ph˚pj!F qqq.
By (5.5.2) and (5.5.3), we get
π1˚ph˚pDTXpj!F qqq ě π
1˚pDTZph
˚pj!F qqq.
It implies that (5.5.1) holds since a Cartier divisor E on Z is effective if and only if Ek¯ “ E ˆk k¯
is effective on Zk¯. 
This inequality generalizes a similar result due to Saito which requires more geometric and
ramification conditions ([30, Corollary 3.9.1]). Earlier than Saito’s result, Matsuda obtained it for
the case where Z is a smooth k-curve and F has rank 1 ([27], cf. [24, Proposition 2.7]). The
following proposition implies that the singular support gives the criterion for the equality of both
sides of the inequality (5.5.1).
Proposition 5.6 ([30, Corollary 3.9.2]). Let C be a smooth k-curve and g : C Ñ X a qusai-
finite morphism. We assume that g˚D “ C ˆX D is an effective Cartier divisor on C, that D is
smooth and the ramification of F along D is non-degenerate at each point of gpCq
Ş
D, and that
g : C Ñ X is SSpj!F q-transversal. Then, we have
g˚pDTXpj!F qq “ DTCpg
˚pj!F qq.
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6. Bounding the pull-back of the Swan divisor
6.1. In this section, we assume that k is perfect. Let X be a connected and smooth k-scheme,
D an effective Cartier divisor on X with simple normal crossing, tDiuiPI the set of irreducible
components of D, U the complement of D in X , j : U Ñ X the canonical injection and F a
locally constant and constructible sheaf of Λ-modules on U .
Proposition 6.2. Let C be a smooth k-curve and g : C Ñ X a quasi-finite morphism. We assume
that g˚D “ C ˆX D is a Cartier divisor on C. Then, we have
(6.2.1) g˚pSWXpj!F qq ě SWCpg
˚pj!F qq.
Proof. The quasi-finite morphism g : C Ñ X is a composition of the graph Γg : C Ñ C ˆk X and
the second projection pr2 : C ˆk X Ñ X . Then, by Proposition 5.3, we have
SWCˆkXppr
˚
2 pj!F qq “ pr
˚
2 pSWXpj!F qq.
Hence, it suffices to treat the case where g : C Ñ X is a closed immersion. By a similar dévissage
as in the proof of Proposition 5.5 for Swan divisors, we may assume that k is algebraically closed.
This is a local problem for the Zariski topology of C and X . We may assume that X is affine and
that C and D intersect at a single point x P X .
Let D1, D2, ¨ ¨ ¨ , Dm be irreducible components of D that contain x, fi pi “ 1, 2, ¨ ¨ ¨ ,mq an ele-
ment of ΓpX,OXq that definesDi, and t P ΓpC,OCq a local coodinate at x. For each i “ 1, 2, ¨ ¨ ¨ ,m,
we denote by αi the multiplicity of g
˚Di at x. After replacing X by a Zariski neighborhood of x,
we may normalize each fi by g
˚fi “ t
αi P OC,x pi “ 1, 2, ¨ ¨ ¨ ,mq. Let B be the set of m-ples of
positive integers β “ tβiui“1,2,¨¨¨m such that each βi is co-prime to p ¨
śm
i“1 αi. Let
Xβ “ SpecpOX rT1, ¨ ¨ ¨ , Tms{pT
β1
1 ´ f1, ¨ ¨ ¨ , T
βm
m ´ fmqq
be a cover of X tamely ramified along each Di and we denote by hβ : Xβ Ñ X the canonical
projection. Notice that Xβ is a smooth k-scheme. We put Nβ “
śm
i“1 βi. Let
Cβ “ SpecpOCrT s{pT
Nβ ´ tqq.
We have a commutative diagram
Cβ
gβ

rNβs
// C
g

Xβ
hβ
// X
where rNβs : Cβ Ñ C is the canonical cyclic cover of degree Nβ tamely ramified at x and gβ :
Cβ Ñ Xβ is given by
g˚β : OX rT1, ¨ ¨ ¨ , Tms{pT
β1
1 ´ f1, ¨ ¨ ¨ , T
βm
m ´ fmq Ñ OCrT s{pT
Nβ ´ tq, Ti ÞÑ pT
Nβq
αi
βi .
Notice that the pre-image of x P X in Cβ is a single point. We denote it by x
1. Let Di,β
be the smooth divisor pTiq “ pDi ˆX Xβqred of Xβ and Dβ the simple normal crossing divisor
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pT1 ¨ ¨ ¨Tmq “ pD ˆX Xβqred of Xβ. We have
mx1pphβ ˝ gβq
˚Diq “ Nβ ¨ αi and mx1pphβ ˝ gβq
˚Dq “ Nβ ¨
mÿ
i“1
αi,
mx1pg
˚
βDi,βq “ Nβ ¨
αi
βi
and mx1pg
˚
βDβq “ Nβ ¨
mÿ
i“1
αi
βi
.
Applying [14, Theorem 4.3] (cf. Proposition 5.5) to the sheaf h˚βpj!F q on Xβ and the morphism
gβ : Cβ Ñ Xβ , we have
(6.2.2)
mÿ
i“1
Nβ ¨
αi
βi
¨ dimtotDi,β ph
˚
βpj!F qqq ě dimtotx1pphβ ˝ gβq
˚pj!F qq
By (3.9.3) and (3.9.4), we have
swDi,β ph
˚
βpj!F qqq ` rkΛF ě dimtotDi,β ph
˚
βpj!F qqq,(6.2.3)
swx1pphβ ˝ gβq
˚pj!F qq ` rkΛF “ dimtotx1pphβ ˝ gβq
˚pj!F qq.(6.2.4)
Since each βi pi “ 1, ¨ ¨ ¨ ,mq is co-prime to p, the covering hβ : Xβ Ñ X is tamely ramified along
the divisor D. By Proposition 3.10, we have
swDi,β ph
˚
βpj!F qqq “ βi ¨ swDipj!F q,(6.2.5)
swx1pphβ ˝ gβq
˚pj!F qq “ Nβ ¨ swxpg
˚pj!F qq.(6.2.6)
By (6.2.2), (6.2.3), (6.2.4), (6.2.5) and (6.2.6), we have
(6.2.7)
mÿ
i“1
Nβ ¨
αi
βi
¨ pβi ¨ swDipj!F q ` rkΛF q ě Nβ ¨ swxpg
˚pj!F qq ` rkΛF .
Divide both sides by Nβ, we obtain
mÿ
i“1
αi ¨ swDipj!F q `
˜
mÿ
i“1
αi
βi
´
1
Nβ
¸
¨ rkΛF ě swxpg
˚pj!F qq.
This inequality holds for any element β of B. Passing βi Ñ `8 pi “ 1, ¨ ¨ ¨ ,mq, we get
mÿ
i“1
αi ¨ swDipj!F q ě swxpg
˚pj!F qq.
It gives the inequality (6.2.1). 
Proposition 6.3. Assume that X is affine and of dimension n ě 2 and D is irreducible and
smooth over Specpkq. Let β be a positive integer co-prime to p, f an element of ΓpX,OXq that
defines D,
Xβ “ SpecpOX rT s{pT
β ´ fqq
a cyclic cover of X of degree β tamely ramified along D, hβ : Xβ Ñ X the canonical projection,
Dβ the smooth divisor pT q “ pDˆX Xβqred of Xβ. Let B a closed conical subset of T
˚Xβ ˆXβ Dβ
of equidimension n such that, for any z P Dβ, the fiber Bz Ď T
˚
zXβ is non-empty. Then, we can
find a Zariski open dense subset Wβ of Dβ such that, for any closed point x
1 of Wβ , we can find a
smooth k-curve C and an immersion gβ : C Ñ Xβ such that
(i) C
Ş
Dβ “ x
1 and mx1pg
˚
βDβq “ 1;
(ii) gβ : C Ñ Xβ is B-transversal at x
1;
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(iii) the composition hβ ˝ gβ : C Ñ X is also an immersion.
Proof. After replacing X by an open dense subset of the generic point of D, we may assume that,
for any point z of Dβ , the fiber Bz Ď T
˚
zXβ is a union of 1-dimensional kpzq-vector spaces. Let x
1
be a closed point ofDβ and x “ hβpx
1q. Since hβ |Dβ : Dβ Ñ D is isomorphic, we have kpxq “ kpx
1q.
We denote by T the image of T P mXβ ,x1 in T
˚
x1Xβ and by f¯ the image of f P mX,x in T
˚
xX . The
canonical map dhβ,x1 : T
˚
xX Ñ T
˚
x1Xβ induces an exact sequence of kpxq-vector spaces
0Ñ spantf¯u Ñ T˚xX
dhβ,x1
ÝÝÝÝÑ T˚x1Xβ ÑM Ñ 0,
where M is of rank 1 such that the image of T in M is non-zero. We denote by HX the image of
dhβ,x1 in T
˚
x1Xβ and we have spantT u`HX “ T
˚
x1Xβ. We denote by H
_
X Ď Tx1Xβ the dual line of
HX . In fact, H
_
X “ kerpThβ,x1q, where Thβ,x1 : Tx1Xβ Ñ TxX is the dual of dhβ,x1 : T
˚
xX Ñ T
˚
x1Xβ.
By [12, III, 9.7.8], we can find an open dense subset Vβ of Dβ and a positive integer N such
that, for each closed point x1 of Vβ , the fiber Bx1 is a finite union of 1-dimensional vector spaces
tLx1,piquiPI , where the cardinality of I is less than N . There exists an integer N
1 such that, for any
field extension k1{k with rk1 : ks ě N 1, any union of pN ` 2q’s hyperplanes of k1n will not cover the
whole vector space (If k has infinitely many elements, k1 “ k satisfies the condition). Let Wβ be a
Zariski open dense subset of Vβ such that, for any closed point x
1 of Wβ , we have rkpx
1q : ks ě N 1.
Let L_x1,i Ď Tx1Xβ be the dual hyperplane of Lx1,i and Tx1Dβ the stalk of the tangent bundle of
TDβ at x
1. For any closed point x1 of Wβ , the complement Tx1Xβ ´ pp
Ť
iPI L
_
x1,iq
Ť
Tx1Dβ
Ť
H_Xq
is non-empty. Hence, we can find a non-zero vector λ P Tx1Xβ ´ pp
Ť
iPI L
_
x1,iq
Ť
Tx1Dβ
Ť
H_Xq.
We denote by Hλ Ď T
˚
x1Xβ the dual hyperplane of λ P Tx1Xβ. Since λ R Tx1Dβ , we have
spantT u `Hλ “ T
˚
x1Xβ . Since λ R H
_
X , we have HX ‰ Hλ. Let tt¯2, ¨ ¨ ¨ , t¯n´1u be a base of the
rank n´ 2 vector space Hλ
Ş
HX and t¯1 a non-zero vector of HX such that tt¯1, ¨ ¨ ¨ , t¯n´1u is base
of HX and that tt¯1 ´ T , t¯2 ¨ ¨ ¨ , t¯n´1u is a base of Hλ. Let t1, ¨ ¨ ¨ , tn´1 be liftings of t¯1, ¨ ¨ ¨ , t¯n´1 in
the maximal ideal mX,x of OX,x. Observe that f, t1, ¨ ¨ ¨ , tn´1 is a regular system of parameters of
OX,x and T, t1 ´ T, t2, ¨ ¨ ¨ , tn´1 is a regular system of parameters of OXβ ,x1 .
In a Zariski neighborhood of x1 P Xβ, we define a k-curve C by the ideal
pt1 ´ T, t2, ¨ ¨ ¨ , tn´1q Ď OXβ ,x1 “ OX,xrT s{pT
β ´ fq.
It is smooth at x1 and Tx1C is spanned by λ P Tx1Xβ. We denote by g : C Ñ Xβ the canonical
injection. Since Tx1C Ę Tx1Dβ, we have
mx1pg
˚
βDβq “ 1 and mx1pphβ ˝ gβq
˚Dq “ β.
Since Tx1C Ę
Ť
iPI L
_
x1,i, the map gβ : C Ñ Xβ is B-transversal at x
1. Since
OC,x1 “ OX,xrT s{pT
β ´ f, t1 ´ T, t2, ¨ ¨ ¨ , tn´1q
„
ÝÑ OX,x{pt
β
1 ´ f, t2, ¨ ¨ ¨ , tn´1q,
in a Zariski neighborhood of x P X , the composition hβ ˝gβ : C Ñ X is a closed immersion. Hence,
the Zariski open dense subset Wβ of Dβ and the curve C satisfy our conditions. 
Proposition 6.4. Assume that X is of dimension n ě 2 and that D is irreducible and smooth
over Specpkq. Let β be a positive integer co-prime to p, f an element of ΓpX,OXq that defines D,
Xβ “ SpecpOX rT s{pT
β ´ fqq
a cyclic cover of X of degree β tamely ramified along D, hβ : Xβ Ñ X the canonical projection,
Dβ the smooth divisor pT q “ pDˆXXβqred of Xβ, Uβ the complement of Dβ in Xβ. We can find a
Zariski open dense subset Wβ of Dβ such that the ramification of F |Uβ along Wβ is non-degenerate
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(4.8) and that, for any closed point x1 of Wβ, there exists an immersion gβ : C Ñ Xβ satisfying
(Proposition 6.3)
(i) C
Ş
Dβ “ x
1 P Dβ,0 and mx1pg
˚
βDβq “ 1;
(ii) gβ : C Ñ Xβ is SSph
˚
βpj!F qq-transversal at x
1;
(iii) the composition hβ ˝ gβ : C Ñ X is also an immersion.
Let x1 be a closed point of Wβ and gβ : C Ñ Xβ an immersion satisfying (i)–(iii). Then, we have
(6.4.1) swDpj!F q ě
1
β
¨ swx1pphβ ˝ gβq
˚pj!F qq ě swDpj!F q ´
1
β
¨ rkΛF .
Proof. Applying [30, Corollary 3.9.2] (cf. Proposition 5.6) to the sheaf h˚βpj!F q on Xβ and the
morphism gβ : C Ñ Xβ , we have
(6.4.2) dimtotDβ ph
˚
βpj!F qq “ dimtotx1pphβ ˝ gβq
˚pj!F qq.
By (3.9.3) and (3.9.4), we have
dimtotDβ ph
˚
βpj!F qq ě swDβ ph
˚
βpj!F qq,(6.4.3)
dimtotx1pphβ ˝ gβq
˚pj!F qq “ swx1pphβ ˝ gβq
˚pj!F qq ` rkΛF .(6.4.4)
Since β is co-prime to p, we have (Proposition 3.10)
(6.4.5) swDβ ph
˚
βpj!F qq “ β ¨ swDpj!F q.
By (6.4.2), (6.4.3), (6.4.4) and (6.4.5), we have
(6.4.6) swx1pphβ ˝ gβq
˚pj!F qq ` rkΛF ě β ¨ swDpj!F q.
Applying Proposition 6.2 to the sheaf j!F on X and the injection hβ ˝ gβ : C Ñ X , we have
(6.4.7) β ¨ swDpj!F q ě swx1pphβ ˝ gβq
˚pj!F qq.
Divide both sides of (6.4.6) and (6.4.7) by β, we get
swDpj!F q ě
1
β
¨ swx1pphβ ˝ gβq
˚pj!F qq ě swDpj!F q ´
1
β
¨ rkΛF .

Theorem 6.5 (cf. Conjecture 1.6). Assume that the divisor D is irreducible and smooth over
Specpkq. Let PC0pXq be the set of pairs pg : C Ñ X, x P Cq where C is a smooth k-curve,
g : C Ñ X is an immersion such that g˚D “ C ˆX D is a Cartier divisor on C, and x is a closed
point of C ˆX D. Then, we have
(6.5.1) sup
PC0pXq
swxpg
˚pj!F qq
mxpg˚Dq
“ swDpj!F q.
Proof. When X is a k-curve, the theorem is trivial. When dimkX ě 2, Proposition 6.3 and
Proposition 6.4 implies that, for any positive integer β co-prime to p, we can find a smooth k-curve
C and an immersion g : C Ñ X such that x “ C
Ş
D is a point, that mxpg
˚Dq “ β and that
swDpj!F q ě
1
β
¨ swxpg
˚pj!F qq ě swDpj!F q ´
1
β
¨ rkΛF .
Taking sufficient large β, we obtain (6.5.1).
In fact, PC0pXq can be considered as a subset of PCpXq defined in Conjecture 1.6. Hence,
Conjecture 1.6 is deduced by this theorem under the condition thatX is smooth andD is irreducible
and smooth. 
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Theorem 6.6. Let Z be a smooth k-scheme and h : Z Ñ X a morphism such that Z ˆX D is a
Cartier divisor on Z. Then, we have
(6.6.1) h˚pSWXpj!F qq ě SWZph
˚pj!F qq.
Proof. The case where dimk Z “ 1 is proved by Proposition 6.2. We only consider the case where
dimk Z ě 2. The morphism f : Z Ñ X is a composition of the graph morphism Γf : Z Ñ Z ˆk X
and the second projection pr2 : Z ˆk X Ñ X . By Proposition 5.3, we have
SWZˆkXppr
˚
2 pj!F qq “ pr
˚
2 pSWXpj!F qq.
Hence, it suffices to treat the case where h : Z Ñ X is a closed immersion. This is a local problem
for the Zariski topology of Z, we may further assume that E “ pZ ˆX Dqred is irreducible and
smooth over Specpkq. Let β be a positive integer co-prime to p. Applying Proposition 6.4 to the
sheaf h˚pj!F q on X , we can find a smooth k-curve C and an immersion g : C Ñ Z such that
z “ C
Ş
E is a closed point of C, that mzpg
˚Eq “ β and that
(6.6.2)
1
β
¨ swzpph ˝ gq
˚pj!F qq ě swEph
˚pj!F qq ´
1
β
¨ rkΛF .
Applying Proposition 6.2 to the sheaf j!F on X and the morphism h ˝ g : C Ñ X , we have
(6.6.3) mzpg
˚ph˚pSWXpj!F qqqq ě swzpph ˝ gq
˚pj!F qq.
By (6.6.2) and (6.6.3), we have
1
β
¨mzpg
˚ph˚pSWXpj!F qqqq ě swEph
˚pj!F qq ´
1
β
¨ rkΛF ,
i.e., we have
h˚pSWXpj!F qq ě SWZph
˚pj!F qq ´
1
β
¨ rkΛF ¨ E.
Passing β Ñ `8, we obtain (6.6.1). 
Theorem 6.7 (cf. Conjecture 1.5). Let R be a Cartier divisor on X supported on D. Then, the
following there conditions are equivalent:
(1) The ramification of F along D is bounded by R in the sense of Deligne (1.4);
(2) We have
R ě SWXpj!F q;
(3) For any morphism h : Z Ñ X of smooth k-schemes such that Z ˆX D is a Cartier divisor
on Z, we have
h˚R ě SWZph
˚pj!F qq.
Proof. Proposition 6.2 implies that the ramification of F along D is bounded by the Swan divisor
SWXpj!F q in the sense of Deligne, i.e., p2q ñ p1q. Proposition 6.4 and Theorem 6.5 implies that
SWXpj!F q is the sharp bound of the ramification of F along D in the sense of Deligne, i.e.,
p1q ñ p2q. The equivalence of (2) and (3) is a deduction of Theorem 6.6.
This theorem implies Conjecture 1.5 under the condition that X is smooth and D is a divisor
with simple normal crossing. 
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7. Criterion for the equality of the Swan conductor and the total dimension
7.1. In this section, we assume that k is perfect. Let X be a smooth k-scheme, D an irreducible
Cartier divisor on X , ξ the generic point of D, K the function field of the henselization Xpξq, K an
separable closure of K, η “ SpecpKq the generic point of Xpξq, GK the Galois group of K{K, PK
the wild inertia subgroup of GK , U the complement of D in X , j : U Ñ X the canonical injection
and F a locally constant and constructible sheaf of Λ-modules on U .
Proposition 7.2. The following three conditions are equivalent:
(i) The slope decomposition and logarithmic slope decomposition of F |η associated to the con-
tinuous GK-action are the same;
(ii) We have
(7.2.1) swDpj!F q “ dimtotDpj!F q;
(iii) After replacing X by an open neighborhood of ξ such that D is smooth over Specpkq, the
conormal bundle T˚DX is not contained in the singular support SSpj!F q.
Proof. The equivalence of (i) and (ii) is proved in 3.9.
(iii) ñ (ii). By (5.2.4) and (5.2.5), we may assume that k is algebraically closed. This is a local
problem for the Zariski topology of X . We may replace X by an affine open neighborhood of ξ
such that D is smooth over Specpkq. Let f be an element of ΓpX,OXq that defines D, β ě 2 a
positive integer co-prime to p,
Xβ “ SpecpOX rT s{pT
β ´ fqq
a cyclic cover of X of degree β tamely ramified along D, hβ : Xβ Ñ X the canonical projection,
Uβ “ h
´1
β pUq and Dβ the smooth divisor pT q “ pDˆX Xβqred. Notice that hβ |Dβ : Dβ Ñ D is an
isomorphism. After shrinking X again, we may assume that the ramification of F (resp. F |Uβ )
along D (resp. Dβ) is non-degenerate (4.8) and that, for any point x
1 of Dβ with the image x
in D, the fiber of the conormal bundle T˚DX ˆD x is not contained in SSpj!F q ˆX x. The later
implies that hβ : Xβ Ñ X is SSpj!F q-transversal. Notice that SSph
˚
βpj!F qq Ď h
˝
βpSSpj!F qq ([8,
Lemma 2.2]) and, for any point x1 P Dβ , the fiber h
˝
βpSSpj!F qq ˆXβ x
1 is a union of 1-dimensional
kpx1q-vector spaces in T˚x1Xβ (4.1).
By Proposition 6.3, we can find a closed point x1 of Dβ with image x in D, a smooth k-curve C
and an immersion gβ : C Ñ Xβ such that
(i) C
Ş
Dβ “ x
1 and mx1pg
˚
βDβq “ 1 (i.e., mx1pphβ ˝ gβq
˚Dq “ β);
(ii) gβ : C Ñ Xβ is h
˝
βpSSpj!F qq-transversal at x
1;
(iii) the composition hβ ˝ gβ : C Ñ X is also an immersion.
By Proposition 6.4, we have
(7.2.2) swDpj!F q ě
1
β
¨ swx1pphβ ˝ gβq
˚pj!F qq ě swDpj!F q ´
1
β
¨ rkΛF .
Since hβ : Xβ Ñ X is SSpj!F q-transversal and gβ : C Ñ Xβ is h
˝
βpSSpj!F qq-transversal at x
1, we
have hβ ˝ gβ : C Ñ X is SSpj!F q-transversal at x “ gβpx
1q. Applying [30, Corollary 3.9.2] (cf.
Theorem 5.6) to the sheaf j!F on X and the closed immersion hβ ˝ gβ : C Ñ X , we obtain
(7.2.3) dimtotx1pphβ ˝ gβq
˚pj!F qq “ β ¨ dimtotDpj!F q.
Since Cβ is a smooth k-curve, we have (3.9.4)
(7.2.4) dimtotx1pphβ ˝ gβq
˚pj!F qq “ swx1pphβ ˝ gβq
˚pj!F qq ` rkΛF .
LOGARITHMIC RAMIFICATIONS OF ÉTALE SHEAVES BY RESTRICTING TO CURVES 19
By (7.2.2), (7.2.3) and (7.2.4), we get
swDpj!F q ě dimtotDpj!F q ´
1
β
¨ rkΛF ě swDpj!F q ´
1
β
¨ rkΛF .
Passing β Ñ8, we obtain (7.2.1).
(i) ñ (iii). We denote by M the finitely generated Λ-module with a continuous GK -action
corresponding to F |η . Since M
prq “ 0 for r ă 1, we have MPK “ M
p0q
log “ M
p0q “ 0. Hence, M
is purely wildly ramified. Fix an rational number r ą 1 such that M prq ‰ 0. By enlarging Λ, we
may assume that it contains p-th roots of unity. Let M prq “
À
χPXprqM
prq
χ be the center character
decomposition (3.7.2). Since the two filtrations are the same, the action of GrrlogGK on some
M
prq
χ ‰ 0 is faithful. Hence, for every non-trivial character χ : Gr
rGK Ñ Λ
ˆ appears in M prq,
the composition χ ˝ θr : Gr
r
logGK Ñ Λ
ˆ is non-trivial, where θr : Gr
r
logGK Ñ Gr
rGK denotes
the map induced by the inclusion GrK,log Ď G
r
K . By Proposition 3.13, the image of charpχq P
HomF pm
r
K
{mr`
K
,Ω1
OX,ξ
bOX,ξ F q in HomF pm
r
K
{mr`
K
,Ω1F plogqbF F q induced by the composition of
canonical maps
φ : Ω1OX,ξ bOX,ξ F Ñ Ω
1
F Ñ Ω
1
F plogq
is rswpχ ˝ θrq. It is non-zero since the refined Swan conductor is an injective map. Let f be a
uniformizer of OX,ξ. The kernel kerpφq is the 1-dimensional F -vector space generated by df b 1.
Hence, the line Lχ in T
˚X ˆX SpecpFχq corresponding to charpχq is not T
˚
DX ˆD SpecpFχq, since
dfb1 is a base of the 1-dimensional fiber T˚DXˆD ξ Ď T
˚
ξX . Therefore, for each center character χ
appears in M , the cycle rLχs in CCpj!F q contributed by χ is not T
˚
DX in a Zariski neighborhood
of ξ P X (4.8.1). Since SSpj!F q is the support of CCpj!F q, we obtain (iii). 
Proposition 7.3. If we have
(7.3.1) swDpj!F q ` rkΛF “ dimtotDpj!F q,
then, after replacing X by an open neighborhood of ξ such that D is smooth over Specpkq and that
the ramification of F along D is non-degenerate (4.8), we have
(7.3.2) SSpj!F q “ T
˚
XX
ď
T˚DX.
When F has rank 1, the converse of the above statement is also true.
Proof. We denote by M the finitely generated Λ-module with a continuous GK-action correspond-
ing to F |η. The equality (7.3.1) implies that, for each r P Qě1, we have M
prq “ M
pr´1q
log . By
enlarging Λ, we may assume that it contains p-th roots of unity. Let M prq “
À
χPXprqM
prq
χ be
the center character decomposition (3.7.2). Fix an rational number r ą 1 such that M prq ‰ 0.
Since M prq “ M
pr´1q
log , for each center character χ : Gr
rGK Ñ Λ
ˆ appears in M prq, the com-
position χ ˝ θr : Gr
r
logGK Ñ Λ
ˆ is a trivial character, where θr : Gr
r
logGK Ñ Gr
rGK denotes
the canonical map induced by the inclusion GrK,log Ď G
r
K . By Propostion 3.13, the image of
charpχq P HomF pm
r
K
{mr`
K
,Ω1
OX,ξ
bOX,ξ F q in HomF pm
r
K
{mr`
K
,Ω1F plogqbF F q induced by the com-
position of canonical maps
φ : Ω1OX,ξ bOX,ξ F Ñ Ω
1
F Ñ Ω
1
F plogq
is rswpχ˝ θrq “ 0. Let f be a uniformizer of OX,ξ. The kernel kerpφq is the 1-dimensional F -vector
space generated by dfb1. Hence, the line in T˚XˆXSpecpFχq corresponding to charpχq is T
˚
DXˆD
SpecpFχq, since df b 1 is a base of the 1-dimensional fiber T
˚
DX ˆD ξ Ď T
˚
ξX . Therefore, the cycle
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rLχs in CCpj!F q contributed by χ is T
˚
DX in a Zariski neighborhood of ξ P X (4.8.1). In summary,
the cycle in CCpj!F q contributed by each center character of M supported in T
˚
DX . On the other
hand, the cycle in CCpj!F q contributed by the tame part M
p1q is also supported on T˚DX . Hence,
after replacing X by a Zariski neighborhood of ξ P X such that D is smooth over Specpkq and the
ramification of F along D is non-degenerate, we have CCpj!F q “ p´1q
dimk XprT˚XXs`m ¨ rT
˚
DXsq
for some positive integer m. Since SSpj!F q is the support of CCpj!F q, we obtain (7.3.2).
When F has rank 1, we have either (Theorem 3.11 and (3.9.3))
swDpj!F q ` 1 “ dimtotDpj!F q or swDpj!F q “ dimtotDpj!F q.
Hence, the converse of the statement in Proposition 7.3 is deduced by Proposition 7.2. 
Remark 7.4. When F has rank 1, Proposition 7.2 and Proposition 7.3 are known in [36].
8. Semi-continuity of Swan divisors
8.1. In this section, we assume that k is perfect. Let S denotes an irreducible k-scheme, η its
generic point, g : X Ñ S a smooth morphism of k-schemes, D an effective Cartier divisor on X
relative to S, U the complement of D in X and j : U Ñ X the canonical injection. Let tDiuiPI
pI “ t1, 2, ¨ ¨ ¨ ,muq be the set of irreducible components of D. We assume that, for each i P I, the
restriction g|Di : Di Ñ S is smooth. For any point s of S, we denote by ιs : Xs Ñ X the canonical
injection. For any geometric point s¯Ñ S, we denote by ιs¯ : Xs¯ Ñ X the base change of s¯Ñ S by
g : X Ñ S.
Let F be a locally constant and constructible sheaf of Λ-modules on U . We define the generic
total dimension divisor of j!F on X and denote by GDTgpj!F q the unique Cartier divisor of
X supported on D such that ι˚η pGDTgpj!F qq “ DTXη pj!F |Xη q (5.2.1). We define the generic
logarithmic total dimension divisor of j!F on X and denote by GLDTgpj!F q the unique Cartier
divisor of X supported on D such that ι˚η pGLDTgpj!F qq “ LDTXη pj!F |Xη q (5.2.3).
Theorem 8.2 ([14, Theorem 4.3]). There exists a Zariski open dense subscheme V of S such that,
(i) for any s P V , we have ι˚s pGDTgpj!F qq “ DTXspj!F |Xs q;
(ii) for any s P S ´ V , we have ι˚s pGDTgpj!F qq ě DTXspj!F |Xsq.
In the following of this section, we prove Theorem 1.10, a logarithmic ramification version of
Theorem 8.2. Essentially, it sufficient to treat case where S is irreducible as follows (Theorem 8.3).
When g : X Ñ S is of relative dimension 1, both of the two theorems are equivalent to Deligne
and Laumon’s semi-continuity property for Swan conductors [25, 2.1.1].
Theorem 8.3. There exists a Zariski open dense subscheme V of S such that,
(i) for any s P V , we have ι˚s pGLDTgpj!F qq “ LDTXspj!F |Xsq;
(ii) for any s P S ´ V , we have ι˚s pGLDTgpj!F qq ě LDTXspj!F |Xs q.
8.4. To prove Theorem 8.3, we may assume that S is integral. By [16, Theorem 4.1], we have a
connected smooth k-scheme S1 and a generically finite and surjective morphism π : S1 Ñ S. We
put X 1 “ X ˆS S
1 and let g1 : X 1 Ñ S1 be the base change of g : X Ñ S and π1 : X 1 Ñ X the base
change of π : S1 Ñ S. By 5.2.5, we have
π1˚pGLDTgpj!F qq “ GLDTg1pπ
1˚pj!F qq.
Let s1 be a point of S1, s its image in S and π1s1 : X
1
s1 Ñ Xs the canonical projection. By 5.2.5
again, we have
π1˚s1 pLDTXspj!F |Xsqq “ LDTX1
s1
pj!F |X1
s1
q.
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Since π : S1 Ñ S is generically finite, for any open dense subset U 1 of S1, the image πpS1q contains
a open dense subset of S. Notice that a Cartier divisor on Xs supported on Ds is effective if and
only if its pull-back to X 1s1 is effective. Hence, to prove Theorem 8.3, we may replace S by S
1, i.e.,
we may assume that S is connected and smooth over Specpkq. Let k¯ be an algebraic closure of
k, S an irreducible component of Sk¯ “ S ˆk k¯. By the same argument as above, we may further
replacing S by S. In summary, to prove Theorem 8.3, we may assume that k is algebraically closed
and S that is a connected and smooth k-scheme.
8.5. In the following of this section, we assume that k is algebraically closed and that S is a
connected and smooth k-scheme.
Proposition 8.6 (Proof of (ii) of Theorem 8.3). There exists a Zariski open dense subscheme V
of X such that, for each point s of V , we have ι˚s pGLDTgpj!F qq “ LDTXspj!F |Xsq.
Proof. For each i P I, we denote by D˝i a Zariski open dense subscheme of Di such that D
˝
i
Ş
Di1 “
H for i1 P Iztiu. By [12, III, 9.6.1(ii)], there exists an open dense subset W of S such that, for any
s PW , the injection
š
iPIpD
˝
i qs Ñ Ds is dominant. Hence, for any s PW and any i, i
1 P I pi ‰ i1q,
pDiqs and pDi1qs do not have same irreducible components. Therefore, to prove the proposition,
we may assume that D is irreducible.
This is a Zariski local problem in a neighborhood of the generic point of D. We may assume
that S and X are affine and D is defined by an element f of ΓpX,OXq. Let β be a positive integer
co-prime to p and greater than 2 ¨ rkΛF ` 1. Let
Xβ “ SpecpOX rT s{pT
β ´ fqq
be a cyclic cover of X of degree β tamely ramified along D, hβ : Xβ Ñ X the canonical projection,
gβ : Xβ Ñ S the composition of hβ and g and Dβ the smooth divisor pT q “ pD ˆX Xβqred of Xβ
relative to S. Notice that gβ : Xβ Ñ S and gβ|Dβ : Dβ Ñ S are smooth. For any point s of S,
we denote by ιβ,s : pXβqs Ñ Xβ the canonical injection and by hβ,s : pXβqs Ñ Xs the fiber of
hβ : Xβ Ñ X at s. Applying [14, Theorem 4.3] (cf. Theorem 8.2) to the sheaf h
˚
βpj!F q on Xβ and
the projection gβ : Xβ Ñ S, we can find an Zariski open dense subset Vβ of S such that, for any
s P Vβ , we have
ι˚β,spGDTgβ pj!F qq “ DTpXβqspj!F |pXβqsq.
It is equivalent to that, for any s P Vβ ,
(8.6.1) DTpXβqspj!F |pXβqsq “ dimtotpDβqηpj!F |pXβqηq ¨ pDβqs.
By (3.9.3) and Proposition 3.10, for any s P Vβ , we have
pβ ¨ swDη pj!F |Xη q ` rkΛF q ¨ pDβqs ě dimtotpDβqη pj!F |pXβqη q ¨ pDβqs(8.6.2)
ě β ¨ swDη pj!F |Xη q ¨ pDβqs,
and
h˚β,spSWXspj!F |Xsqq ` rkΛF ¨ pDβqs ě DTpXβqspj!F |pXβ qsq(8.6.3)
ě h˚β,spSWXspj!F |Xs qq.
By (8.6.1), (8.6.2) and (8.6.3), for any s P Vβ , we have
pβ ¨ swDη pj!F |Xη q ` rkΛF q ¨ pDβqs ě h
˚
β,spSWDspj!F |Xsqq,
ě pβ ¨ swDη pj!F |Xη q ´ rkΛF q ¨ pDβqs,
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i.e., ˆ
swDη pj!F |Xη q `
1
β
¨ rkΛF
˙
¨Ds ě SWDspj!F |Xsq,
ě
ˆ
swDη pj!F |Xη q ´
1
β
¨ rkΛF
˙
¨Ds,
Observe that β ą 2 ¨ rkΛF ` 1 and that swDη pj!F |Xη q and coefficients of SWDspj!F |Xsq are
non-negative integers (Theorem 3.11). For any s P Vβ , we must have
(8.6.4) swDη pj!F |Xη q ¨Ds “ SWDspj!F |Xs q.
Add rkΛF ¨Ds on both sides of (8.6.4), we obtain that, for any s P Vβ ,
ι˚s pGLDTgpj!F qq “ LDTXspj!F |Xsq.

Proposition 8.7. For any closed point s of S, we have
(8.7.1) ι˚s pGLDTgpj!F qq ě LDTXspj!F |Xsq.
Proof. We fix a closed point s of S. This is a local problem for the Zariski topology of X . We may
assume that S and X are integral and affine such that Ds ‰ H. We put n “ dimkX ´ dimk S.
When n “ 1, the map f : X Ñ S is a relative curve, the inequality (8.7.1) is due to [25, 2.1.1]. We
focus on the case where n ě 2. We may assume that Ds is irreducible and that pDsqred “ pDiqs
for each i P I. Let β be an integer co-prime to p, f1 an element of ΓpX,OXq that defines D1 and
X 1 “ SpecpOX rT s{pX
β ´ f1qq
a cyclic cover of X of degree β tamely ramified along D1, h
1 : X 1 Ñ X the canonical projection,
g1 : X 1 Ñ S the composition of h1 and g, D1 the reduced Cartier divisor pD ˆX X
1qred on X , D
1
1
the smooth divisor pT q “ pD1 ˆX X
1qred on X
1 and D1i the reduced Cartier divisor Di ˆX X
1 on
X 1 for each i P Izt1u. Observe that D1 “
ř
iPI D
1
i and that β ¨ pD
1
1qs “ pD
1
iqs for each i P Izt1u.
Applying Proposition 6.3 to the sheaf h1˚pj!F q|X1s on X
1
s, we can find a closed point x
1 of pD11qs
with image x in pD1qs, a smooth k-curve C and an immersion γ : C Ñ X
1
s such that
(i) C
Ş
pD11qs “ x
1 and mx1pγ
˚pD11qsq “ 1;
(ii) γ : C Ñ X 1s is SSph
1˚pj!F q|X1s q-transversal at x
1;
(iii) the composition h1s ˝ γ : C Ñ Xs is also an immersion, where h
1
s : X
1
s Ñ Xs denotes the
fiber of h1 : X 1 Ñ X .
By Proposition 6.4, we see that
(8.7.2) dimtotx1pj!F |Cq ě β ¨ swpD1qspj!F |Xsq.
Choose a regular system of parameters t¯1, ¨ ¨ ¨ , t¯n of OX1s,x1 such that the ideal pt¯1, ¨ ¨ ¨ , t¯n´1q
defines OC,x1 and that pt¯nq defines OpD11qs,x1 . For any 1 ď i ď n´ 1, choose a lifting ti P OX1,x1 of
t¯i P OX1s,x1 . After replacing X by an open neighborhood of x, the OS,s-homomorphism
OS,srT1, ¨ ¨ ¨ , Tn´1s Ñ OX1,x1 , Ti ÞÑ ti,
induces an S-morphism r1 : X 1 Ñ An´1S . It satisfies following conditions after shrinking X again
(1) it is smooth and of relative dimension 1;
(2) r1|D1 : D
1 Ñ An´1S is quasi-finite and flat, for each i P Izt1u, the restriction r
1|D1i : D
1
i Ñ
An´1S is quasi-finite and flat and r
1|D11 : D
1
1 Ñ A
n´1
S is étale ([12, I, chapitre 0,15.1.16]);
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(3) the curve C is the pre-image r1´1psˆ oq, where sˆ o denotes the product of s P S and the
origin o P An´1k .
We denote by Z the scheme theoretic image of
Ť
i,i1PI,i‰i1pD
1
i
Ş
D1i1q Ď D
1 in An´1S . By (2),
it is of codimension 1 in An´1S . Choose a section σ : S Ñ A
n´1
S of the canonical projection
π : An´1S Ñ S such that σpsq “ s ˆ o and that σpSq Ę Z. We denote by q : Y Ñ S the base
change of r1 : X 1 Ñ An´1S by σ : S Ñ A
n´1
S . We put E “ Y ˆX1 D
1 and, for each i P I, we put
Ei “ Y ˆX1 D
1
i. By [12, IV,18.12.1], we can find a connected étale neighborhood θ : V Ñ S of
s P S such that,
(a) the pre-image v “ θ´1psq is a point;
(b) the fiber product EV “ E ˆY V is a disjoint union of two schemes Q and P ;
(c) z “ pQvqred is a point and it is the unique pre-image of x
1 P Es Ď Ys Ď X
1.
(d) Q is finite and flat over V , for any i P Izt1u, Qi “ Ei ˆE Q is finite and flat over V and
Q1 “ E1 ˆE Q is isomorphic to V .
We have the following commutative diagram
(8.7.3) Q
l
//

EV

//
l
E

//
l
D1

// D

Y 0V
// YV
qV

θV
//
l
Y
q

σ1
//
l
X 1
r1

h1
// X
g

V
θ
// S //
σ
// An´1S
//
π
// S
where Y 0V denotes the complement of P in YV . Let η be the generic point of S and η¯ an algebraic
geometric point above η that factors through V . Recall that Xη¯ “ X ˆS η¯, that Dη¯ “ D ˆS η¯,
that pDiqη¯ “ Di ˆS η¯, that X
1
η¯ “ X
1 ˆS η¯, that D
1
η¯ “ D
1 ˆS η¯ and that pD
1
iqη¯ “ D
1
i ˆS η¯.
We put Yη¯ “ Y ˆS η¯, Y
0
η¯ “ Y
0
V ˆV η¯, Eη¯ “ E ˆS η¯, pEiqη¯ “ Ei ˆS η¯, Qη¯ “ Q ˆS η¯ and
pQiqη¯ “ Qi ˆS η¯. Since σpηq R Z Ď A
n´1
S , for any i, i
1 P I (i ‰ i1), we have pEiqη¯
Ş
pEi1 qη¯ “ H,
and hence, pQiqη¯
Ş
pQi1qη¯ “ H. Applying Deligne and Laumon’s semi-continuity property of Swan
conductors [25, 2.1.1] to the sheaf j!F |Y 0
V
on the relative curve qV : Y
0
V Ñ V , we get
(8.7.4)
ÿ
iPI
ÿ
yPpQiqη¯
dimtotypj!F |Y 0η¯ q ě dimtotx1pj!F |Cq.
Take the geometric generic fiber of (8.7.3), we have the following commutative diagram
Qη¯
l

// Eη¯
l
//

D1η¯
//

Dη¯

Y 0η¯
// Yη¯
l
σ1η¯
//
qη¯

X 1η¯
h1η¯
//
r1η¯

Xη¯
gη¯

η¯
ση¯
// An´1η¯ πη¯
// η¯
Notice that D1η¯ “ pDη¯ ˆη¯ X
1
η¯qred, that pD
1
1qη¯ “ ppD1qη¯ ˆη¯ X
1
η¯qred and that, for any i P Izt1u,
pD1iqη¯ “ pDiqη¯ ˆη¯ X
1
η¯. Hence, pQ1qη¯ “ ppD1qη¯ ˆX1η¯ Y
0
η¯ qred and that pQiqη¯ “ pDiqη¯ ˆXη¯ Y
0
η¯ for any
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i P Izt1u. By (d), the fiber pQ1qη¯ is a closed point of Y
0
η¯ and, for each i P Izt1u,
lengthη¯ppQiqη¯q “ lengthkppQiqvq “ mx1pγ
˚pD1iqsq “ β.
Applying [14, Theorem 4.2] (cf. Theorem 5.5) to the sheaf j!F |X1η¯ and the injection σ
1
η¯ : Y
0
η¯ Ñ X
1
η¯
along the divisor pD11qη¯, we have
(8.7.5) dimtotpD11qη pj!F |X1η q ě dimtotpQ1qη¯ pj!F |Y 0η¯ q.
For any i P Izt1u, applying [14, Theorem 4.2] (cf. Theorem 5.5) to the sheaf j!F |Xη¯ and the
quasi-finite morphism σ1η¯ : Y
0
η¯ Ñ Xη¯ along the divisor pDiqη¯, we have,
(8.7.6) β ¨ dimtotpDiqη pj!F |Xη q ě
ÿ
yPpQiqη¯
dimtotypj!F |Y 0η¯ q.
By (8.7.4), (8.7.5) and (8.7.6) , we get
(8.7.7) dimtotpD11qηpj!F |X1η q `
ÿ
iPIzt1u
β ¨ dimtotpDiqηpj!F |Xη q ě dimtotzpj!F |Cq.
Since h1η : X
1
η Ñ Xη is tamely ramified along pD1qη, by (3.9.3) and Proposition 3.10, we have
(8.7.8) β ¨ swpD1qη pj!F |Xη¯ q ` rkΛF “ swpD11qηpj!F |X1η¯ q ` rkΛF ě dimtotpD11qη pj!F |X1η q.
For any i P Izt1u, we have (3.9.3)
(8.7.9) swpDiqη pj!F |Xη q ` rkΛF ě dimtotpDiqηpj!F |Xη q.
By (8.7.2), (8.7.7), (8.7.8) and (8.7.9), we have
β ¨ swpD1qηpj!F |Xη¯ q `
ÿ
iPIzt1u
β ¨ swpDiqηpj!F |Xη q ` pp7I ´ 1qβ ` 1q ¨ rkΛF(8.7.10)
ě β ¨ swpD1qspj!F |Xsq.
Divide both sides of (8.7.10) by β, and then pass β Ñ8. We obtainÿ
iPI
pswpDiqη pj!F |Xη q ` rkΛF q ě swpD1qspj!F |Xsq ` rkΛF ,(8.7.11)
which proves (8.7.1). 
8.8. Proof of Theorem 8.3. Since (ii) of Theorem 8.3 is proved in Proposition 8.6, we can find a
Zariski open dense subset V of S such that, for any s P V ,
ι˚s pGLDTgpj!F qq “ LDTXspj!F |Xsq.
Let t be a point of S ´ V . If t is a closed point, we have (Proposition 8.7)
ι˚t pGLDTgpj!F qq ě LDTXtpj!F |Xtq.
If t is not a closed point of S ´ V , let T be the smooth part of ttu, which is an open dense subset
of ttu. We have the following commutative diagram
Xs
ρs
//
ιs
!!❈
❈
❈
❈
❈
❈
❈
❈
XT
lιT

gT
// T

X
g
// S
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where s denotes a point of T and ρs : Xs Ñ XT is the canonical injection. Applying Proposition
8.6 to j!F |XT and gT : XT Ñ T , we can find a Zariski open dense subset W Ď T such that, for
any closed point s of W , we have
(8.8.1) ρ˚s pGLDTgT pj!F |XT qq “ LDTXspj!F |Xs q.
By Proposition 8.7, we have
(8.8.2) ρ˚s pι
˚
T pGLDTgpj!F qqq ě LDTXspj!F |Xsq.
By (8.8.1) and (8.8.2), we obtain that, for any closed point s PW ,
ρ˚s pι
˚
T pGLDTgpj!F qqq ě ρ
˚
s pGLDTgT pj!F |XT qq.
It implies that
(8.8.3) ι˚T pGLDTgpj!F qq ě GLDTgT pj!F |XT q.
Applying ρ˚t on both sides of (8.8.3), we obtain
ι˚t pGLDTgpj!F qq ě LDTXtpj!F |Xtq.
Hence, (i) of Theorem 8.3 is proved. l
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